In this paper, we consider a one-dimensional porous thermoelastic system with second sound and nonlinear feedback. We show the well-posedness, using the semigroup theory, and establish an explicit and general decay rate result, using some properties of convex functions and the multiplier method. Our result is obtained without imposing any restrictive growth assumption on the damping term.
and proved that the damping in the porous equation (−τϕ t ) is not strong enough for obtaining an exponential decay. Only the slow decay has been proved. Casas and Quintanilla [2] considered a system of the form ρ u tt = μu xx + bϕ x − βθ x in ( , π) × ( , ∞), ρ κϕ tt = αϕ xx − bu x − τϕ t − ξϕ + mθ in ( , π) × ( , ∞),
u(x, ) = u (x), ϕ(x, ) = ϕ (x), θ(x, ) = θ (x), x ∈ ( , π), u t (x, ) = u (x), ϕ t (x, ) = ϕ (x), x ∈ ( , π), u(x, t) = ϕ x (x, t) = θ x (x, t) = , x = , π, t ≥ , (1.1) where θ denotes the temperature difference. Under the same conditions, as in [19] , on the constitutive constants, the authors showed that the presence of the macrotemperature and the porous dissipations acting together stabilize the system exponentially. The same authors [3] then considered (1.1) with τ = , and showed that the heat effect alone is not strong enough for obtaining an exponential decay. In this case, a slow decay was established. However, adding a microtemperature to the system, with τ = , leads to an exponential decay. Magaña and Quintanilla [11] studied diverse one-dimensional porous systems and proved several slow and exponential decay results. The summary of their results is that the exponential decay can only be obtained if two dissipations from the macroscopic and microscopic equations are combined; otherwise, only the slow decay is obtained. In [16] , Pamplona et al. considered
and showed that the strong damping in the elastic equation combined with the macrotemperature effect is not enough for obtaining an exponential decay. However, for regular solutions, the decay is polynomial.
For the results concerning temporal behaviors of systems with quasi-static microvoids (ϕ tt ≈ ), we quote the work of Magaña and Quintanilla [12] , in which several problems were discussed and various slow and exponential decay theorems were proved. Rivera and Quintanilla [14] improved the slow results, obtained for some systems in [12] , and proved polynomial results. They also showed that the rate of the polynomial decay can be improved for more regular solutions. Recently, Messaoudi and Fareh [13] investigated the following system:
and established, using the energy method, an exponential decay result. For more results on the subject, we refer the reader to [3-5, 7, 10, 17, 20-22] .
In this paper, we consider the following one-dimensional system:
where u is the longitudinal displacement, ϕ is the volume fraction, θ is the temperature difference, q is the heat flux, and μ, b, α, β, ξ , m, τ , k, c are constitutive constants which are positive, with b, μ, ξ satisfying μξ > b . System (1.2) is supplemented by the following boundary and initial conditions:
(1.
3)
The plan of the paper is as follows. In the next section, we state some material needed to prove our result and establish the well-posedness of system (1.2)-(1.3). Some technical lemmas and the statement and proof of the main result will be given in Sections 3 and 4, respectively.
Preliminaries and well-posedness
In this section, we present some materials needed in the proof of our result and prove the existence and the uniqueness of the solution of system (1.2)-(1.3). Throughout this paper, C is used to denote a generic positive constant.
For the nonlinearity, we assume the following hypothesis. (A) h : ℝ → ℝ is a nondecreasing C function such that there exist positive constants ε, c , c , and a strictly increasing function H ∈ C ([ , +∞)), with H( ) = and H being linear or strictly convex C function on
Remark 2.1. Hypothesis (A) implies that h is globally Lipschitz and satisfies sh(s)
We now discuss the well-posedness of (1.2)-(1.3). For this purpose, we introduce the following spaces:
We then reformulate (1.2)-(1.3) into a semigroup setting. Let v = u t , ψ = ϕ t , and set
equipped with the inner product
3) takes the form
where
Proof. We show that A is monotone maximal and F is globally Lipschitz [8, 18] . First, it is straightforward to see that for any U ∈ D(A),
We define the bilinear form B over
and the linear form
It is a routine calculation to check that B is bounded and coercive and that L is bounded. So, by the LaxMilgram theorem, we conclude the existence of a unique (u, ϕ, θ) ∈ X satisfying
The regularity theory then yields that u ∈ H ( , ). Using integration by parts in (2.4), we obtain
Again (2.5) implies that u x ( ) = by the arbitrariness of u. Hence, u ∈ H * (Ω). By setting v = u − g , we get v ∈ V and thus (2.2a) is satisfied. Similarly, by taking ( , ϕ, ) ∈ X, we can show that ϕ ∈ H (Ω), and by setting ψ = ϕ − g ∈ H (Ω), we establish (2.2c). Finally, by taking ( , , θ) ∈ X, we get
We then set
Clearly, q ∈ H ( , ) and q( ) = . So, q ∈ V. It remains to verify the last equation of (2.2). Integration by parts and the use of (2.6) give
Substituting q from (2.7), we arrive at
Now, let w ∈ C ∞ ( , ) and set θ = ∫ x w(s) ds. So, θ ∈ W, and the substitution in (2.8) leads to
That is,
hence equation (2.2f) is satisfied. This completes the proof of the maximality of A. The global Lipschitz continuity of F follows directly from the global Lipschitz continuity of h (see Remark 2.1). We then obtain the existence of a unique solution (2.1) (see [8, 18] 
Technical lemmas
In this section, we establish several lemmas needed for the proof of our main result.
Lemma 3.1. E(t) is non-negative.
Proof. The result follows directly from the positive definiteness of the quadratic form μu x + bu x ϕ + ξϕ , with μξ > b .
Lemma 3.2. Let (u, ϕ, θ, q) be a solution of system (1.2)-(1.3). Then the energy functional satisfies dE(t) dt
Proof. By multiplying the first equation in (1.2) by u t , the second by ϕ t , the third by θ and the fourth by k q, integrating over ( , ), using integration by parts, and the boundary conditions from (1.3), we obtain (3.1). 
Proof. Direct computations, using (1.2)-(1.3), yield
Young's and Poincaré's inequalities give
The use of Young's inequality, again, leads to the desired estimation. 
and thus the desired inequality is established. 
Proof. By the direct differentiation of I (t), using (1.2)-(1.3), we obtain
Then Young's inequality gives
By choosing ε, δ small enough, (3.4) is established. 
At this point, we choose our constants carefully. First, we choose N = β to get
Next, we pick ε small enough such that β μ − ε > , and then N large so that
After that, we select ε small enough such that
Finally, we pick N large enough such that
Therefore, (3.7) reduces to (3.6) for two positive constants d and C. On the other hand, we can choose N even larger (if needed) so that
The lemma is proved.
Main result
In this section, we state and prove our main stability result which reads as follows. 
Consequently, recalling (3.8),
We establish this case by borrowing some ideas from [9] . So, we first choose < ε < ε such that sh(s) ≤ min ε, H(ε) for all |s| ≤ ε .
Recalling (A), for ε ≤ |s| ≤ ε, we have
Therefore, we deduce that
To estimate the last integral in (3.6), we define the following partition which was first introduced by Komornik [8] :
Then, with J(t) defined by
Jensen's inequality gives (note that H − is concave)
Thus, combining (4.3) and (4.4), we arrive at
where L = L + CE, which is clearly equivalent to E. Now, for ε < ε and c > , let
provided that E( ) > ; otherwise, E(t) = for all t ∈ ℝ + , hence the theorem is verified. 
Consequently, by picking ε small enough so that dE( ) − Cε > , and c large such that C − c < , for all t ∈ ℝ + , we obtain α L (t) ≤ E(t) ≤ α L (t) (4.5)
for some α , α > and
where W (s) = sH ὔ (ε s). Thus, with R(t) = α L (t) E( ) , and using (4.5) and (4.6), we have
R(t) ∼ E(t) (4.7)
and, for some k > , R ὔ (t) ≤ −k W (R(t)). Finally, we obtain (4.1) by combining (4.7) and (4.9).
